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We study the role of noise on the nature of the transition to collective motion in dry active matter. Starting
from field theories that predict a continuous transition at the deterministic level, we show that fluctuations induce
a density-dependent shift of the onset of order, which in turns changes the nature of the transition into a phase-
separation scenario. Our results apply to a range of systems, including the topological models in which particles
interact with a fixed number of nearest neighbors, which were believed so far to exhibit a continuous onset
of order. Our analytical predictions are confirmed by numerical simulations of fluctuating hydrodynamics and
microscopic models.
Within active matter studies, the transition to collective mo-
tion is a problem of both historical and paradigmatic value,
which has led to a wealth of theoretical [1–5], numerical [6–
8] and experimental works, both on biological [9–13] and syn-
thetic [14–16] systems. Thanks to its simplicity, the setting of
dry polar flocks, in which self-propelled particles stochasti-
cally and locally align their velocities, continues to inspire the
research of many [5–7, 17–26].
In metric models, particles align with all their neighbors
within a finite distance. At the microscopic level, the nature
of the transition is now well established [7, 8], notably thanks
to the introduction of the active Ising model (AIM) in which
rotational symmetry of the Vicsek model (VM) is explicitly
broken [5]. For both the AIM and the VM, the scenario is that
of a phase-separation between a disordered gas/paramagnetic
phase and a polarly ordered liquid/ferromagnetic phase, with a
coexistence region whose properties depend on the symmetry
of the model [27].
At the continuous level, these results have first been ac-
counted for using deterministic hydrodynamic theories, which
typically couple a density field ρ and an order parameter
field [3, 5, 28–30]. The nature of the phase transition can
indeed be understood by considering their dynamics in one
spatial dimension, a minimal model of which is given by
∂tρ = D∂xxρ− v∂xm (1)
∂tm = D∂xxm− v∂xρ−F(ρ,m) . (2)
Here, m is akin to a magnetisation field in a spin system and
F(ρ,m) = αm + γm3ρ2 is a Landau term that controls fer-
romagnetic alignment [5]. Equations (1) and (2) have been
derived for the AIM [5]; many similar hydrodynamic models
have been proposed or derived in one and two dimensions [2–
5, 16, 28, 30]. All these models lead to the same conclu-
sion: the first-order nature of the transition stems from the
density-dependence of the linear term: α = α(ρ). To continue
the ferromagnetic analogy, as detailed in [31], any density-
dependent critical temperature such that α′(ρ) 6= 0 leads to
a phase-separation transition. The latter is characterized by
two main features: homogeneous ordered profiles are linearly
unstable close to the transition, when α . 0, and this insta-
bility leads to the emergence of inhomogeneous propagating
solutions [7, 29, 32]. Interestingly, a number of microscopic
metric models have also been described using continuous de-
scriptions in which, in some scaling limit, α is independent
of the density, thus being compatible with continuous scenar-
ios [33, 34].
In a second class of models, refered to as topological [35]
and motivated by animal-behavior studies, the interaction be-
tween two particles is not decided based on their relative dis-
tance. For instance, particles can align with their Voronoi
neighbors [36] or with their k nearest neighbors [10]. Dou-
bling the distance between all particles, and hence reducing
the particle density, does not impact the aligning dynamics
so that these models are expected to be less sensitive to den-
sity variations. The coarse-graining of a Voronoi-based model
has indeed led to a density-independent critical temperature,
hence predicting a continuous onset of order [37]. Exist-
ing numerics appear consistent with such a continuous sce-
nario [36].
Finally, deterministic hydrodynamic equations only cap-
ture part of the large-scale physics and the role of flucta-
tions at the coarse-grained level must also be assessed. In
the homogeneous ordered phase, this was done using the cel-
ebrated Toner-Tu equations to establish the existence of long-
range orientational order in two dimensions [1, 2, 38]. For
metric systems with density-dependent critical temperature,
the phase-separation scenario is robust to the introduction of
noise [4]. The latter, however, selects the nature of the prop-
agating bands observed in the coexistence regime [27]. On
the contrary, the impact of fluctuations on the continuous sce-
nario, for both metric and topological models with density-
independent critical temperature, remains to be explored.
In this Letter, we show how fluctuations generically turn
continuous transitions to collective motion predicted by de-
terministic hydrodynamics into the standard phase-separation
scenario. We first show that dressing the PDEs (1)-(2) with
noise generically yields a renormalized density-dependent
critical temperature, hence leading to phase separation. We
note that the hydrodynamic theory of topological interactions
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2introduced in [37], which is based on a Boltzmann approach
that successfully captured the nature of the transition in metric
models [3, 39], leads to a description equivalent to (1)-(2) with
a density-independent α. Dressing it with noise will thus also
lead to a phase-separation scenario. As an alternative field the-
ory of topological models, we propose a modification of the
Landau term in (2) that preserves the topological nature of the
interaction at the coarse-grained level. Surprisingly, this still
leads to a fluctuation-induced first-order scenario. To probe
whether this prediction is an artifact of our continuous theory
or a generic feature of topological interactions, we consider a
microscopic model in which particles align with their k near-
est neighbors. Numerical simulations confirm a liquid-gas
phase separation scenario. Finally, we show how measuring
the dependency of the onset of order on the average density
is a simple quantitative test that allows predicting the nature
of the transition. All calculations below are based on the one-
dimensional hydrodynamic theory (1)-(2) and its topological
generalization. Our results can be extended to two dimensions
and to other hydrodynamic models [40]. We complement our
analytical approach by numerical simulations, mostly in 2D,
which are all detailed in [31].
Fluctuation-induced first-order transitions. We first study
the impact of fluctuations on the deterministic dynamics (1)
and (2), which encompass metric models, but also the hy-
drodynamic theory proposed for Voronoi neighbors [37]. We
consider α independent of ρ to study the fate of the continu-
ous transition predicted by (1)-(2) in this case. To do so, we
complement Eq. (2) with a noise term:
∂tm = D∂xxm− v∂xρ−F(ρ,m) +
√
2σρ η , (3)
where η(x, t) is a zero-mean delta-correlated Gaussian white
noise field. Note that, hereafter, ρ(x, t) and m(x, t) represent
fluctuating fields. The order parameter m(x, t) represents the
sum of the orientations of particles located around position
x. The noise acting on m(x, t) will thus be multiplicative;
it describes the fluctuations of a sum over ∝ ρ particles and
we take it proportional to
√
ρ(x, t). We now construct the
hydrodynamics of the average fields ρ0(x, t) = 〈ρ(x, t)〉 and
m0(x, t) = 〈m(x, t)〉 to leading order in the noise strength σ,
where brackets represent average over noise realizations. In
principle, we could also complement Eq. (1) with a conserved
noise. The latter is expected to be subdominant at large scales
and we ignore it here, although our approach can be extended
to this case. Introducing δρ = ρ− ρ0 and δm = m−m0, the
dynamics of ρ0 and m0 can be approximated as
∂tρ0 = D∂xxρ0 − v∂xm0 (4)
∂tm0 = D∂xxm0 − v∂xρ0 −F(ρ0,m0)
− ∂
2F
∂m2
〈δm2〉
2
− ∂
2F
∂ρ2
〈δρ2〉
2
− ∂
2F
∂m∂ρ
〈δmδρ〉 (5)
To close Eqs. (4) and (5), we need to compute 〈δm2〉, 〈δρ2〉,
〈δmδρ〉 as functions of ρ0 and m0. In the small noise limit,
the fluctuations δρ and δm are assumed to be small so that we
compute these correlators at the linear, Gaussian fluctuations
level [41–44]. The dynamics of δρ(x, t), δm(x, t) then read
∂tδρ = D∂
2
xδρ− v∂xδm (6)
∂tδm=D∂
2
xδm−v∂xδρ−
∂F
∂ρ
δρ− ∂F
∂m
δm+
√
2σρ0η (7)
Away from the deterministic transition α = 0, this linear
system of equations leads to bounded fluctuations of δρ, δm
around the homogeneous solutions of Eq. (1) and (2). It
can be solved in Fourier space and the correlators appearing
in (5) can be obtained explicitly as integrals over k space,
e.g. 〈δm2〉 = ∫ dk〈δmkδm−k〉/(2pi) [31]. The alignment
terms in Eq. (5) can then, consistently with the approxima-
tion leading to a Landau form, be expanded as F˜(ρ0,m0) =
α˜m0 + γ˜m
3
0/ρ
2
0. Fluctuations have thus, to this order in σ,
dressed α and γ into α˜ and γ˜. For a given set of parameters,
the integrals over k space can be computed numerically. It is,
however, more enlightening to compute them explicitly in the
high temperature phase, where α > 0. The precise expression
of γ˜ is irrelevant for our purpose, and is presented in [31]. The
linear term is renormalized into
α˜ = α+
3σγ
4ρ0v
f
(αD
v2
)
with f(u) =
√
2/u+
√
1 + u
2 + u
.(8)
Importantly, α˜ now depends explicitly on the density. To first
order in σ, fluctuations thus renormalize the continuous tran-
sition predicted by Eqs. (1) and (2) into the standard liquid-gas
phase separation. Note that higher orders in σ have no reason
to cancel the dependence of α˜ on density and we thus expect
our conclusions to hold non-perturbatively in σ.
To confirm our predictions, we carried out simulations of
the 2D generalization of the stochastic PDEs (1) and (3) [31].
As shown in Fig. 1, the continuous transition predicted by (1)
and (2) is replaced by the standard liquid-gas framework [5,
45]. This is best illustrated by the emergence of a coexistence
region in which ordered bands travel in a disordered back-
ground [3, 4, 7, 28].
Field theory for topological interactions. The study of the
dynamics (1) and (3) thus showed that fluctuations generically
make the transition to collective motion first order in metric
models. This applies, in particular, to the hydrodynamic the-
ory proposed for Voronoi-based interactions in [37]. We now
propose an alternative hydrodynamic description which pre-
serves the topological nature of the interactions at the coarse-
grained level. To do so, we focus on models in which particles
align with their k nearest neighbors. We introduce a coarse-
grained field y(x) which measures the interaction range of a
particle at x: ∫ x+y(x)
x−y(x)
ρ(z)dz = k . (9)
Particles at position x then align with a ‘topological’ field
m¯(x, t) computed over their k nearest neighbours through
m¯(x) =
1
k
∫ x+y(x)
x−y(x)
m(z)dz . (10)
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α
0
1
2
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FIG. 1. Simulations of the 2D generalization of Eqs. (1) and (3) de-
tailed in [31]. Top left: Average magnetisation as α is varied. The
transition occurs at αc < 0, shifted from the mean-field prediction
(green line). At the onset of order, inhomogeneous profiles (black
squares) separate homogeneous ordered and disordered phases (blue
dots). Parameters: D = v = γ = σ = 1, dx = 0.5, dt = 0.01,
Lx = 400, Ly = 40, ρ¯ ≡ N/(LxLy) = 1.1. Bottom: A snapshot
close to the transition shows ordered travelling bands in a disordered
background. Top right: The corresponding density and magneti-
zation fields averaged along y. Parameters: same as before up to
Ly = 100, dx = 0.1, α = −0.9.
Doubling the distance between particles does not alter the val-
ues of m¯(x), consistent with microscopic topological mod-
els [10, 36]. To construct the topological counterpart of
the Landau term F(ρ,m) appearing in the metric dynamics,
let us recall how the latter is constructed from microscopic
models. In a ferromagnetic context, F can be seen as the
small-magnetisation expansion of a more complex function
Fferro. = 2m cosh(βp) − 2ρ sinh(βp), where p = m/ρ is
the local magnetisation per particle and β the inverse tem-
perature. The fields ρ and m enter Fferro. through counting
statistics, (ρ ± m)/2 representing the local densities of par-
ticles with plus or minus spins. The field p, on the other
hand, enters via the aligning rate at which a spins s flips, e.g.
W (s → −s) = Γ exp(−βsp). When particles align stochas-
tically with a topological field m¯, the Landau term thus simply
becomes Fferro. = 2m cosh(βm¯)−2ρ sinh(βm¯). Expanding
to third order in the fields then yields:
Ftopo (m, ρ, β) = Γ
(
2m−2ρβm¯− ρβ
3
3
m¯3+β2mm¯2
)
(11)
in which, for simplicity, we retain β as the sole control param-
eter. At mean-field level, our topological field theory is thus
given by Eq. (1) and (2), with F replaced by Ftopo.
Homogeneous solutions ρ0,m0 correspond to y(x) =
k/(2ρ0) and m¯ = m0/ρ0. The linear term in Ftopo then
reduces to 2Γ(1 − β)m0, leading to a density-independent
transition at βm = 1. Linear stability analysis of the ho-
mogeneous solutions then shows that disordered and ordered
solutions are linearly stable for β < βm and β > βm, re-
spectively [31]. Our topological field theory thus predicts a
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FIG. 2. Top Left: Phase diagram of the microscopic topological
model defined in Eqs. (13) and (14). The homogeneous ordered
(blue) and disordered (green) regions are separated by a coexistence
phase (red). The mean-field critical temperature is β = 1 (dashed-
lined). The red lines are guide to the eyes which show how the
transitions shift as the mean density varies. Bottom: Snapshot of
a propagating band corresponding to the black triangle in the phase
diagram. Blue and red particles correspond to positive and nega-
tive spins. The corresponding density and magnetization fields, aver-
aged over y and time, are shown in the top-right panel. Parameters:
D = 8, Ly = 400, Lx = 2000, k = 3, Γ = 0.5, v = 0.9.
continuous transition at the mean-field level.
Let us now assess the effect of dressing the dynamics of the
order parameter with noise: we consider the stochastic dy-
namics (1) and (3), albeit with F replaced by Ftopo. Here
also, m(x, t) is the sum of the orientations of particles located
around position x and we consider a multiplicative noise pro-
portional to
√
ρ(x, t). To construct the dynamics of the aver-
age fields ρ0 and m0 perturbatively in σ, we first stress that
Eq. (9) directly enslaves the field y(x) to ρ(x). There are
thus, again, only two independent fields, ρ(x, t) and m(x, t),
so that Eq. (7) is still valid, up to F → Ftopo. The expression
of Ftopo being, however, more complicated than in the metric
case, the algebra is correspondingly more involved. We detail
in [31] the renormalization of the linear part of Ftopo, which
controls the nature of the transition. To first order in the noise
strength σ, we find
(β − 1)m0 →
β − 1− σg
(
β, Γkvρ0 ,
ΓD
v2
)
k
m0 , (12)
with g(β, Γkvρ0 ,
ΓD
v2 ) a positive function whose expression is
provided as an integral in [31].
Importantly, the linear term in the aligning dynamics of
m0 has again become density-dependent, hence predicting a
phase-separation scenario. This is confirmed by numerical
simulations of (1) and (3) with F → Ftopo, which again re-
veal the existence of inhomogeneous propagating bands [31].
Our results thus also predict a fluctuation-induced phase-
separation scenario for topological models.
Microscopic models with k-nearest-neighbors interactions.
To test the above predictions, we first consider an off-lattice
active Ising model [5, 45] in which N particles move in an
4θ
FIG. 3. Simulations of the topological Vicsek model in 2D. At small
noise, the system is disordered at low enough densities. Increasing
the density then leads to an onset of order accompanied by propa-
gating bands. Particles align with their k = 3 nearest neighbors.
Parameters : Lx = 2000, Ly = 400, σ = 0.08, k = 3, v0 = 0.2,
∆t = 1, ρ¯ = 0.25 (top) and ρ¯ = 0.4 (bottom).
Lx × Ly domain with periodic boundary conditions. Each
particle carries a spin si = ±1 and evolves according to the
Langevin dynamics
r˙i = si v0 ux +
√
2Dηi , (13)
where v0 sets the self-propulsion speed andD sets the strength
of the Gaussian white noise ηi. Spins flip from si to −si at
rate W (si) given by
W (si) = Γe
−βsim¯i , where m¯i =
1
k
∑
j∈Ni
sj , (14)
where Ni is the set of the k-nearest neighbours of particle
i and m¯i their average magnetization. Note that a mean-
field treatment of the aligning dynamics (14) indeed leads
to Eq. (11). In agreement with our predictions, the model
exhibits a first order transition to collective motion, akin to
a liquid-gas phase separation: the onset of order at β &
βc(ρ0) occurs through the emergence of an ordered propagat-
ing band (Fig. 2). Unlike the mean-field critical temperature,
the boundaries of the coexistence region show a clear depen-
dence on the mean density ρ¯.
To probe the generality of our results, we then implemented
a topological version of the Vicsek model [6, 7] in which the
particles align with their k nearest neighbors. We consid-
ered N point particles carrying unit propulsion vectors ui and
moving in a Lx × Ly domain with periodic boundary condi-
tions. At every time step, the particles align with the average
direction of their k nearest neighbors:
arg
[
ui
]
→ arg
[1
k
∑
j∈Ni
uj
]
+ ση , (15)
where η is uniformly drawn in [−pi, pi]. The particles then
move a distance v0∆t along their propulsion vector. Once
again, propagating bands are observed close to the onset of
collective motion (Fig. (3)).
Overall, despite being usually considered resilient to den-
sity fluctuations, the topological interactions studied in this
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FIG. 4. Magnetization vs inverse temperature β for the RAM (left),
the LAM (center), and the topological model (13)-(14) (right). Only
the latter exhibits travelling bands (black squares). Blue crosses and
red dots correspond to mean densities ρ¯ = 0.25 and ρ¯ = 0.5, re-
spectively. Parameters: Lx = 2000, Ly = 400, D = 8, v = 0.9,
Γ = 0.5, k = 3. For LAM, k = 4.
article thus lead to a phase-separation scenario. Our results
suggest that the nature of the transition to collective motion
can be simply assessed by estimating whether its threshold
depends on density or not. We illustrate this by considering
simple models in which the aligning dynamics is disconnected
from spatial positions, hence ensuring that the transition re-
mains continuous.
Loyal and random aligning models. We consider N scalar
spins moving in a Lx × Ly domain with periodic boundary
conditions according to the Langevin equation (13) with two
different aligning dynamics [46]. In the Random Alignment
Model (RAM), the aligning dynamics is given by (14), with
m¯i computed over k spins chosen at random at every time
step. In the Loyal Alignment Model (LAM), on the contrary,
alignment occurs with the same set of k neighbours through-
out the simulations, irrespective of the particle positions. In
our simulations, we chose k = 4 and assigned to each parti-
cle its nearest neighbours on an initial square lattice. Simula-
tions of both systems lead to continuous transitions, without
the emergence of inhomogeneous phases. Figure 4 shows that
measurements of the global magnetization as the temperature
is varied leads to behaviors which are hard to distinguish be-
tween LAM, RAM and our topological microscopic model.
Repeating these measurements at different densities reveals a
density-dependence of the onset of order in the latter case, but
not in LAM & RAM. Measuring βc as ρ¯ varies thus consti-
tutes a simple and robust test of the nature of the transition.
Conclusion. We have shown that dressing hydrodynamic
equations for polar flocks with noise generically leads to
a density-dependent renormalization of the onset of order.
Noise thus makes homogeneous ordered profiles linearly un-
stable close to the transition and leads to a phase-separation
scenario. This surprisingly holds for metric-free topologi-
cal interactions. We confirmed our field-theoretical compu-
tations by numerical simulations of microscopic models in
which particles interact with their k nearest neighbors. Fi-
nally, we have argued that measuring the dependence of the
onset on the global density allows assessing the nature of the
transition. This is likely to be a more stringent test than mea-
suring putative critical exponents, which are unlikely to dis-
tinguish weakly-first-order transitions from the liquid-gas sce-
5nario. Finally, it would be interesting to reproduce our studies
on related models in which the coupling between density and
alignment is qualitatively altered, from Malthusian [26] to in-
compressible [47] or Le´vy flocks [48].
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